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Abstract
This article studies the rotational dynamics of three identical coupled pendulums. There exist two
parameter areas where the in-phase rotational motion is unstable and out-of-phase rotations are
realized. Asymptotic theory is developed that allows to analytically identify boarders of instability
areas of in-phase rotation motion. It is shown that out-of-phase rotations are the result of para-
metric instability of in-phase motion. Complex out-of-phase rotations are numerically found and
their stability and bifurcations are defined. It is demonstrated that emergence of chaotic dynamics
happens due period doubling bifurcation cascade. The detail scenario of symmetry breaking is pre-
sented. The development of chaotic dynamics leads to origin of two chaotic attractors of different
types. The first one is characterized by the different phases of all pendulums. In the second case
the phases of two pendulums are equal, and the phase of the third one is different. This regime with
partial symmetry breaking is a chaotic chimera.
PACS numbers: 05.45.Xt, 45.20.dc
I. INTRODUCTION
Study of collective dynamics in networks of coupled os-
cillatory units in different objects is an actively developing
direction in nonlinear dynamics. This area is important
both for theoretical understanding of complex processes
and for the wide range of practical applications. Syn-
chronization is one of the mostly common phenomena of
collective behavior [1–3]. Even a weak coupling strength
between elements in an ensemble can lead to frequencies
and phases readjusting of oscillators, i.e. to synchroniza-
tion. However, it is not always the case, even if the system
is symmetric, and the coupling strength. Sometimes, the
states of partial synchronization and chimera states can
exist.
Systems of coupled pendulums are ones of actual mod-
els in different fields of science and technics. Despite of
relative simplicity of such models, they adequately de-
scribe not only mechanic objects, but also different pro-
cesses in semiconductional structures [4], molecular biol-
ogy [5] and in systems of phase synchronization [3]. This
model is used in the study of coupled Josephson junctions
dynamics [1, 4, 6].
Cluster and chimera states in ensembles of different di-
mensions are of particular interest in the study of synchro-
nization phenomena and symmetry breaking (see, e.g., [7–
12]). Cluster state is two or more oscillators groups, with
fully synchronous elements in each one. This effect is
well known since many years, but still attracts attention
of researchers [7, 8]. In previous years chimera states in
ensembles of identical elements are also ones of the most
intriguing and intensively studied effects in nonlinear dy-
namics [9–12]. Chimera states are characterized by the si-
multaneous coexistence of synchronous and asynchronous
groups of oscillators. Specific feature of chimera state is
the symmetry breaking: while a fully synchronous sym-
metrical state exists, there appears one more stable non-
trivial solution, containing both synchronous and asyn-
chronous parts. Nowadays chimera states are actively
studied in nonlinear oscillatory media of different nature.
Many references to specific experimental and theoretic re-
searches are to find in previous reviews [9–12].
A significant progress in theoretical studies of chimera
states was achieved due to the formulation of dynamics
equations in terms of local complex order parameter [9–
12]. For this complex field, the setup becomes similar
to pattern formation problems for nonlinear partially
differential equations. Furthermore, the stability of found
stationary structures can be defined by equations for
local order parameter (see, e.g., [13–15] and references
therein). Remarkably, this approach, which allows to
reduce the problem to evolution equations for a complex
field distributed in media, is right in case of infinity large
numbers of elements of oscillatory media, i.e. in the
so-called thermodynamic limit.
Chimera states can be found in small ensembles, for
example in the system of four elements, where two os-
cillators are synchronous, and the others two are asyn-
chronous [16–20]. In the article [16] the so-called weak
chimera state is defined, characterized by various mean
frequencies of synchronous and asynchronous oscillators
groups. These states are characterized by different
mean frequencies of the synchronized and desynchronized
groups. In the resent paper [21] it is shown that the ap-
pearance of weak chimeras is related with the symme-
try breaking. It is to notice that in some cases (e.g.,
for example experiments with networks of optoelectronic
generators [19]) amplitude fluctuations may be very im-
portant, consequently, phase reduction is impossible. In
particular, this case is discussed in [20] in detail, where
an ensemble of four globally coupled Stuart-Landau os-
cillators is considered, different types of chaotic attrac-
2tors with partial symmetry breaking are studied. Finally,
we would like to underline that the authors of the pa-
per [22] described regular and chaotic chimera states in
the system of three coupled phase oscillators with inertia.
Experimentally these states were found in mechanical sys-
tems [23, 24].
In this paper we examine singularities found in rota-
tional dynamics of three nonlinearly coupled pendulums.
Our system is somewhat like small ensembles considered
in [22–24]. We are interested in in-phase rotations and
nontrivial out-of-phase ones. In Section IIA we describe
the model, state the problem and demonstrate the numer-
ically observed effect: in-phase periodic motion instabil-
ity. Then, in Section II B we build an asymptotic theory,
developed for an infinitely small dissipation, which ex-
plains instability of the in-phase limit rotation mode of
the pendulums. Here we also find analytical formulas for
the boundaries of the in-phase limit rotation mode insta-
bility interval regarding the coupling strength. During
the nonlinear stage of this instability a periodic out-of-
phase rotation emerges, in particular, a chimera state for
which the phases of the two pendulums coincide, while
the phase of the third pendulum differs from the rest. In
Section III numerical results that confirm our theoreti-
cal findings are presented. In addition to this, in Section
III B bifurcations that lead to the appearance and dis-
appearance of the out-of-phase limit rotation modes are
analyzed. Bistability of the in-phase and out-of-phase
limit periodic modes is established for the system under
study. In Section III C scenario of chaotic rotational dy-
namics emergence is described, including chaotic chimera
states. A summary of the main results can be found in
Conclusion. In Appendix we present a brief description
of the numerical methods used for calculating any pos-
sible periodic modes and their linear stability within the
framework of the considered model.
II. MECHANISM OF SYMMETRY BREAKING
IN A SMALL CHAIN OF COUPLED
PENDULUMS
A. Model and problem statement
Let us consider the chain of three coupled identical pen-
dulums described by the following system of ODEs
ϕ¨1+λϕ˙1+sinϕ1=γ+K sin(ϕ2−ϕ1),
ϕ¨2+λϕ˙2+sinϕ2=γ+K
[
sin(ϕ1−ϕ2)+sin(ϕ3−ϕ2)
]
,
ϕ¨3+λϕ˙3+sinϕ3=γ+K sin(ϕ2−ϕ3).
(1)
Here λ is the damping coefficient responsible for all the
dissipative processes in the system, γ is a constant exter-
nal force identical for all pendulums, K characterizes the
nonlinear coupling strength between the elements.
For certain values of the parameters γ and K the sys-
tem (1) demonstrates non-trivial behavior. First, the sys-
tem can demonstrates in-phase dynamics, i.e. ϕ1 (t) =
ϕ2 (t) = ϕ3 (t) = φ (t). We shall denote such regime as
(3:0). All pendulums move synchronously and their dy-
namics is described by a single equation:
φ¨+ λφ˙ + sinφ = γ. (2)
The dynamics of this system is well studied [25]. The
parameter plane (λ, γ) is divided into three domains [26,
27]. In one domain there are two steady states: a saddle
and a stable foci (node). In second domain there exist a
stable 2pi-periodic in φ motion and a stable foci (node).
In third domain only a stable rotational periodic motion
is established. We are interested in rotational dynamics
of pendulums ensemble.
It is obvious that the system (1) has an in-phase
rotation motion φ(t). We have found that for certain
parameter values the instability of this motion can
be observed. Let us demonstrate this for some fixed
parameters λ = 0.4, γ = 0.97, K = 1.5 under very
close initial conditions ϕ1(0) = 5.0, ϕ2(0) = 5.00001,
ϕ3(0) = 5.00002, ϕ˙1(0) = 0.0, ϕ˙2 = 0.0, ϕ˙3(0) = 0.0. As
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Figure 1. (Color online) Time evolution of general velocities
ϕ˙1 (solid thin blue line), ϕ˙2 (dashed red line), ϕ˙3 (solid thick
green line) of the three pendulums. Numerical modeling of the
system was performed within (1) for λ = 0.4, γ = 0.97 and
K = 1.5.
can be seen from Fig. 1, for 20 ≤ t ≤ 45 the general veloc-
ities ϕ˙i (i = 1, 2, 3) practically coincide. From the second
part of Fig. 1, when 2100 ≤ t ≤ 2125, one can already
see asynchrony in the oscillations of the pendulums, i.e.
the instability of their synchronous rotation mode has
developed. The difference between ϕ˙i (i = 1, 2, 3) is
quite noticeable. A new type of limit rotations develops
when 7000 ≤ t ≤ 7025 with ϕ˙i (i = 1, 2, 3) changing
out-of-phase. Thus, when the coupling parameter K
reaches some values, the instability of the synchronous
periodic motion develops: a new 4pi-periodic limit rota-
tions emerge in the ensemble of pendulums. This motion
is characterized by out-of-phase rotations with two times
larger period than the synchronous periodic rotation
has, so a period-doubling bifurcation takes place here. It
is worth mentioning that this effect takes place for the
system of only two elements and is considered in our pre-
vious article [28]. However, as is shown below, the system
of three coupled pendulums demonstrates more complex
and interesting dynamics, which can be interpreted as
chaotic chimera states by analogy with articles [22–24].
B. Self-induced parametric instability of the
in-phase (perfectly symmetric) rotation mode
Let us investigate the case where a system has small
dissipation (i.e. when λ ≪ 1). Let us also assume γ
3characterizing the external force to be close to 1. In this
case, one can build an asymptotic theory that would ex-
plain the instability of the in-phase limit rotation regime
of three coupled pendulums, a phenomenon observed in
the system (1) undergoing forward numerical modeling.
To develop an analytic approach for a small parameter
λ we introduce the formal smallness parameter ε, and
ε ∝ λ≪ 1.
Let us construct an asymptotic solution to Eq. (2) using
the Lindstedt-Poincare´ method [29], the essence of which
is to introduce a new dimensionless time τ , where t = ωτ
and
ω =
∞∑
j=0
εjωj , (3)
is an unknown angular frequency of the sought-for solu-
tion allowing to avoid secular terms. Taking for simplicity
φ(0) = 0, we represent the solution in the form of the fol-
lowing asymptotic expansion:
φ(τ) = τ +
∞∑
j=0
εjφj(τ), (4)
where φj are 2pi -periodic functions of the variable τ . By
substituting Eqs. (3) and (4) into Eq. (2), expanding both
sides in powers of ε, equating the coefficients of the same
powers of ε and determining ωj from the condition of
absence of secular terms, we obtain the in-phase rotation
solution of the system (1) in the next form:
φ(τ) = τ +
λ2
γ2
sin(τ) +O(ε4), (5)
where
τ =
[
γ
λ
−
1
2
(
λ
γ
)3
+O(ε7)
]
t. (6)
Let us find the stability conditions for the in-phase ro-
tation mode. First linearize the system (1) around φ(t),
then ϕi(t) = φ(t) + δϕi(t) (i = 1, 2, 3). Next we get the
corresponding equations for variations δϕi (i = 1, 2, 3):
δϕ¨1 + λδϕ˙1 + cosφ(t)δϕ1 = K(δϕ2 − δϕ1),
δϕ¨2 + λδϕ˙2 + cosφ(t)δϕ2 = K (δϕ1 − 2δϕ2 + δϕ3) ,
δϕ¨3 + λδϕ˙3 + cosφ(t)δϕ3 = K(δϕ2 − δϕ3).
(7)
To continue with, we introduce two detuning variables
ξij = δϕi − δϕj . For ξ12 and ξ23 we obtain a closed
system of equations
ξ¨12 + λξ˙12 + cosφ(t)ξ12 = K(−2ξ12 + ξ23),
ξ¨23 + λξ˙23 + cosφ(t)ξ23 = K(ξ12 − 2ξ23),
(8)
which admits two simple solutions.
First of them ξ12 = ξ23 corresponds to the regime with
pairwise different phases of the oscillators ϕ1(t) 6= ϕ2(t) 6=
ϕ3(t). We shall denote this regime as (1:1:1). Introducing
for brevity ξ = ξ12, we obtain equation
ξ¨ + λξ˙ + (K + cosφ(t))ξ = 0. (9)
This equation belongs to the Mathieu-type equation.
Hence, the parametric instability effects can be observed
for some values of the parameter K depended on λ and
γ [28]. To find the boundaries of the instability domain
of the in-phase rotation mode, we determine the coupling
parameter K values for which the Eq. (9) admits a solu-
tion with 2T period or, equivalently, with ω/2 frequency.
Using some aspects of perturbation theory, taking re-
sults (5) and (6) and searching for a solution of Eq. (9)
with ω/2 frequency, we get boundaries K1,2 for the first
instability domain
K1,2 =
1
4
[
γ2
λ2
∓ 2
√
1− γ2 +
1
2
λ2
γ2
]
+O(ε4). (10)
Another solution ξ12 = −ξ23 corresponds to the regime
with ϕ1(t) = ϕ3(t) 6= ϕ2(t), then two oscillators form
in-phase synchronous cluster and the third one rotates
separately with some delay. It is regime (2 : 1). As it
is mentioned in Sec. I, such behavior of the system is
indicated to a chimera-like dynamics.
Introducing again ξ = ξ12, we obtain equation for de-
tuning ξ:
ξ¨ + λξ˙ + (3K + cosφ(t))ξ = 0. (11)
Similarly to the previously examined case, we get bound-
aries K1,2 for the second instability domain
K1,2 =
1
12
[
γ2
λ2
∓ 2
√
1− γ2 +
1
2
λ2
γ2
]
+O(ε4). (12)
Thus, for a chain of three pendulums, there can exist two
intervals of coupling strength K values, corresponding to
the regimes (2:1) and (1:1:1), for which in-phase periodic
rotation becomes parametrically unstable.
III. OUT-OF-PHASE SYMMETRY-BROKEN
ROTATIONAL STATES
A. Numerical setup
In this section, we present the results of the detailed nu-
merical simulations which are performed directly within
the framework of the discussed model (1) of three pen-
dulums for a wield range of the parameters λ, γ and
K. First of all, we consider in detail the development
of the self-induced parametric instability of the in-phase
synchronous regime and focus our attention on the non-
linear stage of this process and the resulting movements
that can be set over long time. Our numerical calcula-
tions employed a commonly used fifth-order Runge-Kutta
scheme (with fixed time step dt = 0.001) to integrate
system (1) together with the standard algorithm for the
largest Lyapunov exponent [30]. Computations extend
typically over 50000 time units that seem to provide a
stabilization of the Lyapunov exponents at a good level
of accuracy.
The theoretical analysis above allows us to describe the
initial stage of the discussed instability of the synchronous
4rotation mode. One also can find all intervals of values
of the coupling coefficient K, for which the development
of the set-induced parametric instability is possible, and
estimate the boundaries of these ranges with rather good
accuracy. The direct numerical simulations of an initial
value problem for the dynamical system (1) give us gen-
eral ideas about the evolution in time of the chain of cou-
pled pendulum and the nonlinear stage of the developed
instability. In order to connect and complete these two
pictures, we also identify periodic rotations and explore
their parametric continuation within the framework of the
model (1). To this end, taking into account that the ϕj (t)
(j = 1, 2, 3) is determined in the range from −pi to pi
and using the property of closure of the considered tra-
jectories in the phase space {ϕj (t) , ϕ˙j (t)}, we construct
the Poincare´ map and employ the Newton-Raphson algo-
rithm for finding a fixed point there and a period T of
motion along a corresponding trajectory for each given
set of parameters λ, γ and K [31]. The main ideas of this
method are discussed in Appendix. As a result, we can
identify both stable and unstable limit cycles in our sys-
tem and study in detail their bifurcations and a process
of transition to chaos. This is one of the main goals of
the presented paper.
The linear stability of the ensuing periodic solutions
is investigated by means of a Floquet analysis, chiefly
relying on numerical calculations (see, e.g., [31] and Ap-
pendix bellow for details). To this end, we add a small
perturbation to the periodic motion. Stability analysis is
performed by diagonalizing the monodromy matrix (Flo-
quet operator) M̂, which relates the perturbation at t = 0
to that at t = T , and studying eigenvalues in the Floquet-
Bloch spectra of the time-periodic linearization operators.
The linear stability of limit cycles requires that the mon-
odromy eigenvalues (Floquet multipliers) must be inside
(or at) the unit circle [31].
As a characteristic of the degree of synchronization,
we consider the value Ξ, which is the frequency lag of
pendulums:
Ξ =
1
3
∑
1≤i<j≤3
max
0<t<T
|ϕ˙i(t)− ϕ˙j(t)|, (13)
where T is the period of rotational mode. It follows from
the definition (13) that Ξ takes non-negative values, and
Ξ = 0 only in the case of in-phase mode. In the case
of a out-of-phase regime, when there exists such a pair of
pendulums that ϕ˙i 6= ϕ˙j , where i and j are the numbers
of pendulums, Ξ > 0.
B. Regular dynamic and bistability of in-phase and
out-of-phase rotational modes
From the expressions (10) and (12) we see that in the
case of small values of λ for γ ≈ 1.0, two regions of insta-
bility of the in-phase mode arise. Next we will investigate
the case γ = 0.97. Let us consider the situation when the
instability regions are separated from each other. Fig. 2
shows a bifurcation diagram obtained by numerical simu-
lation of the system. The diagram shows the dependence
of synchronism characteristics Ξ from magnitude of the
coupling strength K at γ = 0.97, λ = 0.4. The horizon-
Figure 2. (Color online) Bifurcation diagram of synchronous
rotational regimes of the system (1). Here and below: blue
shared markers - stable regimes, red unshared markers - un-
stable regimes. Lines without markers – 2pi-periodic regimes.
Round markers – 4pi-periodic regimes. Parameters: γ = 0.97,
λ = 0.4.
tal segments A1, A3, A5 correspond to the synchronous
in-phase regime (Ξ = 0). There are two regions A2 and
A4 of the values of the parameter K, when this regime
becomes unstable. As shown above, in the course of the
asymptotic consideration (the expressions (10) and (12)),
it is for the values of the coupling parameter K that the
parametric instability of the in-phase periodic motion de-
velops from these intervals.
Let us consider processes occurring in a chain when
K takes values from the A2 and when K escapes from
it. As the parameter K increases, the in-phase peri-
odic motion undergoes period doubling bifurcation (K ≈
0.4505), while from the stable in-phase 2pi-periodic in
ϕ = (ϕ1, ϕ2, ϕ3)
T of motion, a stable 4pi-periodic motion
in ϕ corresponding to the synchronous regime of dynam-
ics is generated when ϕ1(t) = ϕ3(t) 6= ϕ2(t) (2:1), and
2pi-periodic motion loses stability. The branch B1 cor-
responds to this regime on the bifurcation diagram. In
addition to stable periodic motions, there is also an un-
stable out-of-phase 4pi -periodic motion in ϕ (branch B2),
which is generated from an unstable 2pi-periodic motion
as a result of a subcritical period doubling bifurcation
K ≈ 0.5435) with increasing K. Further, for K ≈ 0.6145,
the stable (branch B1) and the unstable (branch B2) out-
of-phase periodic motions merge and disappear as a result
of the saddle-node bifurcation.
Similarly, for the instability zone A4. As the parame-
ter K decreases as a result of period doubling bifurcation
(K ≈ 1.6305), the in-phase periodic motion loses stabil-
ity and 4pi-periodic in ϕ motion occurs (B4 branch), cor-
responding to a completely out-of-phase regime ϕ1(t) 6=
ϕ2(t) 6= ϕ3(t) (1:1:1). For K ≈ 1.327, the stable 4pi -
periodic motion (branch B4) merges with the 4pi-periodic
unstable motion (branch B3) as a result of the saddle-
node bifurcation. An unstable 4pi-periodic motion (the
B3 branch) arises as K decreases from an unstable 2pi-
periodic in-phase motion (A4 domain) at the subcritical
period doubling bifurcation (K ≈ 1.3505).
Thus, when the in-phase mode is unstable, out-of-
5phase 4pi-periodic (2:1) and (1:1:1) regimes are realized in
the system. The bifurcation diagram (see Fig. 2) shows
clearly that there are also two value ranges of the cou-
pling strength, in which two stable (and one unstable)
rotation limit cycles exist at the same time. The first of
the two stable rotation limit cycles can be characterized
by in-phase behavior of three pendulums, while the other
is characterized by out-of-phase behavior. It means that
some bistability of periodic motion arises here, in the sys-
tem of Eqs. (1). Note the same effect can be observed in
the system of two elements (see [28] for details).
C. Chaotic dynamics and chaotic chimera states
As the dissipation parameter increases, the regions of
instability of the in-phase regime approach each other. At
the same time, chaotic dynamics is possible in the chain of
three pendulums. In the paragraph III B, the case of coex-
istence of two regions of instability of the in-phase regime
with the parameter γ = 0.97, λ = 0.4 was described, and
with the loss of stability of the in-phase regime, only 4pi-
periodic out-of-phase regimes were appeared. Let us now
investigate the case γ = 0.97, λ = 0.7. Fig. 3 (a) shows the
bifurcation diagram of 2pi- and 4pi-periodic regimes. Here
segments A1, A2, A3, A4, A5 and branches B1, B2, B3,
B4 correspond to regimes are similar to cases γ = 0.97,
λ = 0.4. Let us consider the stable 4pi-periodic (1:1:1)
regime (branch B4). As the K decreases, the 4pi-periodic
motion loses stability through the pitchfork bifurcation
(K ≈ 0.5933), and from it two stable 4pi-periodic mo-
tions arise, which in Fig. 3 (b) the branch B8 corresponds
to, and the unstable 4pi-periodic motion (branch B6).
Further, with decreasing values of the coupling param-
eter K, a sequence of period doubling bifurcations occurs
(Fig. 3 (d)), which results in a transition to chaotic dy-
namics. Fig. 3 (c) shows several first bifurcations in this
sequence at K ≈ 0.5785, K ≈ 0.5729, when 8pi- and 16pi
-periodic motions respectively are generated (branches C2
and D2). Branches C3 and D3 correspond to 8pi- and 16pi
-periodic rotations that lost stability after period doubling
bifurcations. Fig. 3 (e) shows the largest Lyapunov expo-
nent of the system, depending on the coupling strength
K. It is to see that at 0.478 < K < 0.572 a chaotic
regime is observed in the system. With a further decrease
of the parameter K, after the escape from the region of
chaotic dynamics, a sequence of period doubling bifurca-
tions is observed in the reverse order. Several bifurcations
in this sequence shows on the Fig. 3 (c). 16pi-, 8pi- and 4pi-
periodic regimes become stable as a result of period dou-
bling bifurcations at K ≈ 0.479, K ≈ 0.4742, K ≈ 0.456
(branches D1, C1, B7, respectively). At K ≈ 0.3932,
a pitchfork bifurcation of the 4pi-periodic motion is ob-
served (B6 and B7 merge in Fig. 3 (b) into B5).
As the values of the dissipation parameter λ increase,
the regions of instability of the in-phase periodic motion
A2 and A4 approach each other. At a critical value of the
parameter λ ≈ 0.75, the regions of instability touch each
other, after that they begin to overlap (Fig. 4 (a)). The
A3 region disappears, bistability of out-of-phase regimes
Figure 3. (Color online) Bifurcation diagram of synchronous
rotational regimes of the system (1). (a) 2pi- and 4pi-
periodic regimes. (b) 4pi-periodic regimes. (c) 4pi-, 8pi-
and 16pi-periodic regimes. The triangular markers show
the 8pi-periodic regimes. The diamond markers show the
16pi-periodic regimes. (d) Local maxima of ϕ˙2. (e) Largest
Lyapunov exponent Λ1. Parameters: γ=0.97, λ=0.7.
is observed: regimes (2:1) and (1:1:1) coexist. When the
regions of instability of the in-phase regime approach the
first instability region A2 through the cascade of period
doubling bifurcations (Fig. 4 (b)), a chaotic regime arises.
We note that when chaotic dynamics appears in the first
instability region, the regime (2:1) is first observed, and
the dynamics of the variables ϕi(t) (i = 1, 2, 3) is irreg-
ular (see Fig. 5 (a)). This regime can be interpreted as
a chaotic chimera [22]. If the coupling strength param-
eter K takes the value from the region A4 the chaotic
regime (1:1:1) is realized (see Fig. 5 (b)). With a fur-
ther increase of the parameter λ, the regions of chaotic
dynamics become closer. Chaotic dymanics is realized for
0.057 < K < 0.157 and 0.193 < K < 0.398 for values of
parameters γ = 0.97, λ = 0.86 (see Fig. 6).
Further, the regions of chaotic dynamics merge into
6Figure 4. (Color online) (a) Bifurcation diagram of the syn-
chronous rotational regimes of the system (1). (b) Local
maxima of ϕ˙2. (c) Largest Lyapunov exponentΛ1. Param-
eters: γ=0.97,λ=0.76.
Figure 5. (Color online) Time dynamics of instantaneous fre-
quencies ϕ˙i (i = 1, 2, 3) of the three pendulums in the system
(1). (a) Chaotic chimeric (2 : 1) regime at K = 0.1524. (b)
Chaotic (1:1:1) regime at K = 0.4. Parameters: γ = 0.97,
λ = 0.76.
Figure 6. (Color online) Same as Fig. 4, but for γ = 0.97,
λ = 0.86.
one. For γ = 0.97, λ = 0.96 (see Fig. 7) with an increase
in the coupling strength, when the critical value K ≈
0.015 is reached, a chaotic (2:1) chimera state arises as a
result of the cascade of period doubling bifurcations (see
Figs. 8 (a) and 7). Further, at K ≈ 0.019, the chaotic
(2:1) chimera becomes unstable, and the regime is realized
in the system when the long time intervals for which the
phases of the pendulums ϕ1(t) ≈ ϕ3(t), alternate with
short intervals, where ϕ1(t) and ϕ3(t) do not coincide (see
Figs. 8 (b) and 7), i.e. there is an intermittency of chaotic
oscillations (2:1) and (1:1:1). With further increase of K,
only chaotic (1:1:1) regime is realized (see Figs. 8 (c) and
7).
Figure 7. (Color online) Same as Fig. 4, but for γ = 0.97,
λ = 0.96.
Figure 8. (Color online) Dynamics of the instantaneous fre-
quencies ϕ˙i (i = 1, 2, 3) of the three pendulums in the system
(1). (a) Chaotic chimera (2:1) at K = 0.016. (b) Chaotic
(1:1:1) state with (1:1:1) and (2:1) intermittency atK = 0.024.
(c) The chaotic regime (1:1:1) for K = 0.2. Parameters:
γ = 0.97, λ = 0.96.
IV. CONCLUSION
We have studied the dynamics of a chain of three identi-
cal coupled pendulums. A relatively simple model demon-
7strates a great variety of regular and chaotic in-phase and
out-of-phase regimes. Self-induced parametric instability
of the perfectly symmetric in-phase rotation mod is found
and theoretically proved. It is shown that in the system
with the growth of the coupling strength, the generation
of out-of-phase rotational periodic motions occurs. Note
that there are two such instability regions. Bistability
of in-phase and out-of-phase rotational periodic motions
can also be observed. With increasing the dissipation pa-
rameter, regions of the instability approach each other
and chaos throw the cascade period doubling bifurcations
arises here. Moreother chimera state regime can appear in
this region. With a further increase of the dissipation pa-
rameter, the regions of instability overlap and, as a result,
the regions with chaotic dynamics also overlap. Further,
only the chaos corresponding to the globally out-of-phase
oscillations remains. Finally, we would like to emphasize
that the numerical methods and analytical approachers
we use are common and can be generalized to chains of
pendulums with an arbitrary (but not very large) num-
ber of elements. Moreover, it is possible to employ the
main ideas of this article for a similar analysis of a rota-
tional dynamics and nontrivial periodic motions in small
ensembles of globally coupled nonlinear pendulums.
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Appendix: Methods of numerical calculation of
periodic motions and their stability
This appendix contains a description of the numerical
methods for numerical calculation of nontrivial periodic
motions in the ensembles of 3 globally coupled pendu-
lums, and an analysis of linear stability of these motions.
In order to calculate regular rotation modes of a chain
of coupled pendulum, we apply a modification of a com-
monly used scheme to find closed limit cycles in nonlinear
dynamical systems [31]. The main idea of this method
is as follows. Each of the solutions φj(t) (here and be-
low j = 1, 2, 3) we are interested is primarily charac-
terized by its period T (which is strictly speaking un-
known and is to be defined at the end of numerical com-
putations) and the number n of changes of phases ϕj(t)
by 2pi during the period T . Hence, the Poincare´ map{
ϕj (0) , ϕ˙j (0)
}
→
{
ϕj (T ) − 2pin, ϕ˙j (T )
}
has a fixed
point corresponding to a trajectory
{
φj (t) , φ˙j (t)
}
. Using
this fact that φj (T ) = φj (0) + 2pin and φ˙j (T ) = φ˙j (0),
we construct the following system of equations
P
(
T,
{
ϕ0j , ϕ˙0j
})
=
[{
ϕj
(
T,
{
ϕ0j , ϕ˙0j
})}{
ϕ˙j
(
T,
{
ϕ0j , ϕ˙0j
})}]− [{ϕ0j + 2pin}{
ϕ˙0j
} ] = 0,
(A.1)
where
{
ϕj (t) , ϕ˙j (t)
}
is the solution to Eqs. (1) with
initial conditions
{
ϕ0j , ϕ˙0j
}
, i.e.
{
ϕj (0) , ϕ˙j (0)
}
={
ϕ0j , ϕ˙0j
}
. Therefore, a periodic solution with pe-
riod T of Eqs. (1) will be a root to (A.1). Because
of the translational invariance symmetry (in time), we
note that one value from the set
{
ϕ0j
}
can always be
taken to be zero without loss of generality. We use the
Newton-Raphson algorithm [32] to approximate the roots
of P
(
T,
{
ϕ0j , ϕ˙0j
})
. It is also noteworthy that the Ja-
cobian is Ĵ = Î − Q̂ (T ), where Î is the identical matrix
and Q̂ (T ) is matrix obtained from the monodromy ma-
trix M̂ (T ) (see its definition below) by replacement one
of the columns by the vector of values of the right-hand
sides of Eqs. (1) at the time t = T . As a result, we numer-
ically obtain, with high precision, stable (above dynami-
cally generated) and unstable rotational modes as exact
time-periodic solutions of Eqs. (1). Continuing these so-
lutions in value of the coupling strength K within the
interval of instability of in-phase rotational mode allows
us to trace the entire family of nontrivial periodic motions
and to analyze their bifurcations (see, e.g., Fig. 3).
To study the linear stability of arbitrary (2pi-, 4pi-, 8pi-
and etc.) periodic motions (on the cylinder) of Eqs. (1),
we introduce a small perturbation δϕj(t) to a given peri-
odic solution φj(t). As a result, we obtain the following
linearized equations for δϕj(t):
δϕ¨1 + λδϕ˙1 + cosφ1(t)δϕ1 = K cos
[
φ2(t)− φ1(t)
]
(δϕ
2
− δϕ
1
),
δϕ¨2 + λδϕ˙2 + cosφ2(t)δϕ2 = K cos
[
φ1(t)− φ2(t)
]
(δϕ1 − δϕ2)
+K cos
[
φ3(t)− φ2(t)
]
(δϕ3 − δϕ2) ,
δϕ¨3 + λδϕ˙3 + cosφ3(t)δϕ3 = K cos
(
φ2(t)− φ3(t)
]
(δϕ2 − δϕ3) .
(A.2)
Due to the periodicity of the trajectory
{
φj (t) , φ˙j (t)
}
one can performe the Floque analisis of Eqs. (A.2). Hence,
the stability properties of the considered trajectories is
given by the spectrum of the Floquet operator M̂ (T )[
{δϕj (T )}
{δϕ˙j (T )}
]
= M̂
[
{δϕj (0)}
{δϕ˙j (0)}
]
. (A.3)
The eigenvalues µj′ (here and below j
′ = 1, . . . , 6) of the
monodromy matrix M̂ (T ) are dubbed the Floquet mul-
tipliers of the periodic solution φj(t). In considered case,
the Floquet multipliers µj′ are real or appear in complex
conjugated pairs, because of the existence of the external
force and the damping in the basic model. To analyze the
stability of each of the rotation motion under discussion,
we numerically calculate their Floquet multipliers µj′ . If
|µj′ | ≤ 1 for all j
′, then the rotation mode is linearly sta-
ble. Noteworthy, we study the stability properties of a
periodic motion, so one of eigenvalues µj′ must be equal
to one. Thus, this fact allows us to additionally check
that the trajectory
{
φj (t) , φ˙j (t)
}
found numerically. If
at least one of Floquet multipliers µj′ locates outside the
8unit circle in the complex plane, then the rotation mode is linearly unstable.
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